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ABSTRACT: We consider the Pohlmeyer-type reduced theory found by explicitly solving
the Virasoro constraints in the formulation of AdSs x S° superstring in terms of supercoset
currents. The resulting set of classically equivalent, integrable Lagrangian equations of
motion has the advantage of involving only a physical number of degrees of freedom and
yet being 2d Lorentz invariant. The corresponding reduced theory action may be written
as a gauged WZW model coupled to fermions with further bosonic and fermionic potential
terms. Since the AdSs x S® superstring sigma model is conformally invariant, its classical
relation to the reduced theory may extend to the quantum level only if the latter is, in fact,
UV finite. This theory is power counting renormalizable with the only possible divergences
being of potential type. We explicitly verify its 1-loop finiteness and show that the 2-loop
divergences are, in general, scheme dependent and vanish in dimensional reduction scheme.
We expect that the reduced theory is finite to all orders in the loop expansion.
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1 Introduction

Recent remarkable progress in understanding the spectrum of states with large quantum
numbers in AdSs x S° string theory or dual A" = 4 SYM theory was achieved via inter-
play of various perturbative data from gauge theory and string theory linked together by
the assumption of exact integrability. It remains an outstanding problem to derive the
corresponding asymptotic Bethe ansatz equations directly from first principles — from
quantum superstring theory. That would be facilitated if the corresponding integrable
AdS5 x S® sigma model admitted a formulation in terms of elementary excitations with two-
dimensional Lorentz covariant S-matrix. Such a formulation may also make more straight-
forward the generalization of the asymptotic Bethe Ansatz to the case when both strings
and dual operators have finite length, i.e. to the case of closed strings on the cylinder R; x.S™.

With this motivation in mind here we shall continue the study of the Pohlmeyer-
reduced [1] formulation of gauge-fixed AdS5 x S° superstring [2-4]. This theory (which we
shall refer to as the “reduced theory”) is a generalized sine-Gordon or non-abelian Toda
type two-dimensional Lorentz-invariant sigma model which is closely related to the original



Green-Schwarz (GS) superstring sigma model [5]. It is constructed by writing the GS super-
PSU(2,2/4)
SO(1,9)xS0(5)
rent, fixing the conformal and x-symmetry gauges and then reconstructing the action that

string equations of motion in terms of the components of the supercoset cur-

reproduces the equation of motion for the remaining physical number of degrees of freedom.
While the resulting reduced theory is classically equivalent to the original AdSs x S°
GS superstring (and, in particular, it is also classically integrable) it is a priori unclear
if the corresponding quantum theories should be closely related. In general, the classical
Pohlmeyer reduction assumes two-dimensional conformal invariance but for sigma models
with target spaces involving S™ or AdS, factors (and no bosonic WZ couplings) that
symmetry may hold also at the quantum level only in very exceptional cases like the
AdS5 x S GS superstring. The minimal consistency requirement for the conjecture that
the classical equivalence between the GS superstring and the reduced theory may extend
to the quantum level is then the finiteness of the reduced theory — the cancellation of the
UV divergences in world-sheet perturbation theory. This means the absence of any new
dynamically generated scale in addition to the classical mass parameter in the potential
introduced in the process of fixing the classical conformal diffeomorphism symmetry (this
procedure spontaneously breaks the underlying conformal symmetry of the GS superstring
in conformal gauge while preserving two-dimensional Lorentz invariance).
Our aim below will be to demonstrate the cancellation of the 1-loop and 2-loop diver-
gences in the reduced theory which also gives a strong indication of all-loop finiteness.
Let us first briefly discuss what is known about the AdSs x S® superstring theory. The
classical theory [5] generalizes the AdS5 x S° bosonic sigma model to the presence of GS
fermions incorporating self-dual 5-form coupling. The potential importance of integrability
of this model (motivated by the known integrability of its bosonic part) was recognized
early on [6, 7]; the classical intergrability was proved in the full theory including fermions
in [8] (see also [9, 10]; for a review see [11]). Given the global symmetry, uniqueness of the
(2-derivative) action and analogy with WZW theory the action is expected to be UV finite
to all orders [5] and that was directly verified at 1-loop [12, 13] and 2-loop [14] orders. The
classical integrability appears to extend to the quantum level as is effectively verified by
the matching of the 1-loop [13] and 2-loop [14] corrections to spinning string energies to
the strong-coupling predictions of the asymptotic Bethe Ansatz (see, e.g., [15] and [16]).}
The GS action has a well-known peculiarity in that to carry out its perturbative expan-
sion it is necessary to choose a non-trivial background for the closed string coordinates and
expand around it. The background introduces a fiducial mass scale (spontaneously breaking
two-dimensional conformal invariance) and also spontaneously breaks the two-dimensional
Lorentz invariance at the level of interaction terms in the action. That happens, for ex-
ample, when one expands near a null geodesic or uses a version of light-cone (l.c.) gauge
in AdSs x S [6, 20, 21]. While this step is a natural one when computing quantum su-
perstring corrections to specific string states, it is a complication in general considerations
(e.g., in computing the underlying factorized S-matrix). In particular, the l.c. gauge fixed

!Quantum integrability was also argued for in the closely related pure spinor formulation of AdSs x S°
superstring [17-19].



AdSs x S° GS superstring action has a complicated interaction structure making the direct
computation of the corresponding magnon-type or BMN excitation S-matrix problematic
beyond the tree level [10]. Another complication is that when formally expanded near a
particular background the GS action is not power-counting renormalizable [14, 22] and one
is to rely on a judicious choice of regularization (and measure) to verify the cancellation of
the UV divergences.

Remarkably, these problems are absent in the quantum theory as defined in terms of
the supercoset current variables, i.e. defined by the reduced theory action [2]. The cor-
responding fermionic kinetic terms have standard two-dimensional Dirac form and thus
the two-dimensional Lorentz covariant fermionic propagators are defined without indepen-
dently of a bosonic string coordinate background. Moreover, the reduced theory action is
power counting renormalizable and relatively straightforward to quantize, as its structure
is similar to that of two-dimensional supersymmetric gauged G/H WZW model supple-
mented with a bosonic potential and a “Yukawa” interaction term.?

The quadratic part of the reduced theory action has the same form as that of the
GS superstring expanded near the BMN vacuum, i.e. as the GS action in maximally-
supersymmetric plane wave background in the l.c. gauge [23, 24]: eight two-dimensional
scalars together with eight two-dimensional Majorana fermions, all with equal mass pu.
The interaction terms differ, but one may hope that there exists a certain transformation
relating the corresponding S-matrices.? Since both the AdSs x S° superstring and the
corresponding reduced theory are expected to be conformal theories, the parameter pu
should be the only scale on which the quantum S-matrices should depend. While the S-
matrix corresponding the BMN vacuum is not two-dimensional Lorentz invariant, the one
appearing in the reduced theory should be Lorentz invariant (i.e. the 4-point scattering
matrix should depend only on the difference of the two rapidities). This puts the reduced
theory into the same class of integrable theories as the solvable O(n) sigma models.

This motivates the study of the reduced theory at the quantum level even regardless
its relation to the quantum GS superstring theory: it appears to be a remarkable finite
integrable model with several unique features.

Below in section 2 we shall start with a review of the reduced theory action using an ex-
plicit parametrization of the fermionic variables and clarifying on the way several important
features of this theory. As was already mentioned, the construction of Pohlmeyer-reduced
theory (see [2] and also [25] and references therein) involves several steps:

(i) start with the GS equations (and the Maurer-Cartan equations) written in terms of

the components of the g — P8U@214)

= S0(1,4)x50(3) supercoset current;

(ii) solve the conformal gauge constraints introducing a new set of field variables directly

(algebraically) related to the currents, fixing the residual conformal diffeomorpisms

2As we shall see, the “Yukawa” interaction is effectively responsible for the UV finiteness of the
“eWZW+potential” model.

3These are expected to have closely related symmetries: PSU(2|2) x PSU(2|2) in the GS superstring
case [21, 26] and SU(2) x SU(2) x SU(2) x SU(2) in the reduced theory case [2] — the latter is formally the
same as the bosonic part of the former but their precise relation needs to be clarified further.



and k-symmetry gauge in the process;

(iii) reconstruct an action for the remaining field equations in terms of the new (physical)
variables.

The resulting reduced theory action defines a massive integrable two-dimensional field
theory. Its construction thus involves a non-local map between the original coset coor-
dinate fields and current variables that preserves the integrable structure and allows the
reconstruction of the classical solutions of the GS superstring action from classical solutions
of reduced theory action, i.e. the solitonic solutions in the two models are in direct corre-
spondence.?

The bosonic fields of the reduced theory are g € G = Sp(2,2) x Sp(4) C PSU(2,2|4)
and the two-dimensional gauge field A, taking values in the algebra of H = SU(2) x
SU(2) xSU(2) x SU(2) C G. In addition, there are fermionic fields ¥, ¥, (directly related
to fermionic currents of the GS superstring) which are two-dimensional Majorana spinors
with the standard kinetic terms transforming under both Sp(2,2) and Sp(4) and thus
linking together the two sets of bosons (corresponding effectively to the “transverse” string
fluctuations in AdSs and S°).5 In the special case when AdS5 x S° is replaced by AdSy x S?
the corresponding reduced theory is equivalent [2] to the N' = 2 super sine-Gordon model
(there H is trivial).

At the level of the equations of motion of the reduced theory it is possible to fix the
A, = 0 gauge; the equations then become equivalent to a fermionic generalization of non-
abelian Toda equations. The linearization of the equations of motion in the gauge A, =0
around the trivial vacuum ¢g = 1 gives 848 bosonic and fermionic degrees of freedom
with mass p and suggests that the symmetry of resulting relativistic S-matrix should be
H = [SU(2)]*.

The potential term is multiplied by the “built-in” classical scale parameter p which is
a remnant of gauge-fixing the conformal diffeomorphisms at the classical level. Consistency
then requires that the reduced theory be also UV finite, i.e. while a priori the u-dependent
terms in the reduced theory action may renormalize, the fermions should cancel the bosonic
renormalization.

This is indeed what happens in the AdSs x S? case (i.e. in the A" = 2 super sine-Gordon
model). As we shall see in section 4 below, this is also true in the general AdSsx S® case: we
shall demonstrate the cancellation of UV divergences at the 1-loop and 2-loop orders in the
natural dimensional reduction regularization scheme.® We believe that similar cancellations
should extend to all orders in perturbation theory. Then the theory is UV finite and pu
remains an arbitrary conformal symmetry gauge fixing parameter at the quantum level.

4This correspondence was used in [27].

® This model is kind of “hybrid” of a WZW model based on a supercoset (where fermions are in “off-
diagonal” blocks of a supermatrix field but have non-unitary second-derivative kinetic terms) and a two-
dimensional supersymmetric version of a G/H gWZW model where fermions have the standard first-order
kinetic terms but take values in the coset part of the algebra of the group G.

®The same scheme was used in [14] where the 2-loop finiteness of the AdSs x S® GS superstring was
verified.



The cancellation of divergences is presumably related to a hidden symmetry that should
have its origin in x-symmetry of the original GS action that relates the coefficients of
the “kinetic” and the WZ terms in the action (which, under the reduction, become the
potential and the Yukawa terms in the reduced action).

There are several conceptual issues that remain to be clarified before one would be
able to claim that the quantum reduced theory is indeed directly relevant for solving
the quantum AdSs x S® superstring theory. These include the precise mapping between
observables and conserved charges (cf. [4]) and understanding the relation between massive
S-matrices computed by expanding near the respective vacua. The ultimate motivation for
the study of the reduced theory is the hope that it may be more straightforward to define
as a quantum integrable theory and thus easier to solve than the original AdSs x S® GS
superstring model. To demonstrate this remains a program for the future.

2 Reduced theory for AdSs X S° superstring

In this section we shall review the structure of the reduced theory action.
Our starting point is the AdSs x S® superstring action [5] written in terms of currents

for the supercoset”

F  PSU(2,2/4)

G Sp(2,2) x Sp(4)

The currents take values in the superalgebra f = psu(2,2|4) which is a quotient of su(2,2[4)
by elements proportional to unit matrix.
Let us first discuss the explicit parametrization of the corresponding supermatrices.

2.1 Supercoset parametrization, currents and gauge fixing

An element of su(2,2|4) can be written as an 8 x 8 matrix
= Str M =trA —trB =0 A€ u(2,2) Becu(4). (21)
= r M =tr rB = U u(4). .
X'ty BJ’ ' T

Let us define the 4 x 4 matrices ¥ and K (we follow the notation of [2, 11, 28|; I denotes

a unit matrix of an appropriate dimension)

s=(52) w=(03)

The superalgebra su(2,2]4) admits a Zy automorphls [2

-1
= 0 P [EaK]:O, EQZI, KQZ_I (22)
10

9], i.e. its elements can be split
fiss

into four orthogonal subspaces f()@fl EBngBfg, with [fz, fj] i (mod 4) in the following way:

A 1 1
Moo= (02 O ) a, = larkAK),  Bia= (B KBK), (2.3)
0 By 5 >

"The bosonic part of the PSU(2,2[4) group is SU(2,2) x SU(4) or SO(2,4) x SO(6) and an equivalent
form of the subgroup is SO(1,4) x SO(5).



0 X 1 1
Miz=|{ Y Xy = o[ X £iK(XTY)K] = (X £iSKX*K).  (24)
’ X132 0 ’ 2 2

Here Ay € sp(4), By € sp(4), i.e. My belongs to sp(2,2) @ sp(4), while My is in the bosonic
part of the coset subspace of the algebra. M; and Mj are expressed in terms of the real
and imaginary parts of the complex 4 x 4 matrix X. This split is a “reality decomposition”
implemented by the projectors applied to X:

1 . .
Xi5=P.X = S(X £iDKX'K), P2 ="P, . (2.5)

)

Thus the elements from ?1 and ?3 should satisfy the following conditions
X = —i¥KX1K, X; =iXKX3K, (2.6)

which can be solved explicitly in terms of 4 x 4 matrices X7 3 with independent real Grass-
mann elements

X=X +iXKX K, X3 =3 — 1 XKA3K . (27)

The AdS5 x S° GS action [5, 29, 31] is constructed by starting with an element f of
F = PSU(2,2|4), defining the current J = f~'df and then splitting the current according
to the Z4 decomposition of f (u,v = (0,1))

Ju=f10uf =Au+Quu+Pu+Qop, Acfo, Qi€f, Pefa, Qa€fz. (28)

Here A, belongs to the algebra of the subgroup G defining the F\/G coset, i.e. G =
Sp(2,2) xSp(4) (isomorphic to SO(1,4) x SO(5)), P is in the bosonic coset (i.e. AdS5 x S°)
component, and @)1, Q2 are the fermionic currents. The Lagrangian in conformal gauge is

L =Str |PyP_ + %(QH—QZ— —Q1-Q24)| (2.9)

which should be supplemented by the Virasoro (conformal gauge) constraints
Str(PyPy) =0, Str(P-P_)=0. (2.10)

As already reviewed in the introduction, the idea behind the construction of the reduced
action [2, 3] is to express the corresponding equations in terms of currents only, solve the
conformal conformal gauge constraints algebraically introducing a new set of field variables
directly related to the currents, then choose a k-symmetry gauge and finally reconstruct
the action corresponding to the resulting field equations in terms of current variables.
This construction implies the classical equivalence of the original and “reduced” sets of
equations; in particular, the reduced theory is also integrable [2].

The Virasoro constraints can be solved by fixing a special G-gauge and residual con-
formal diffeomorphism gauge such that®

P.=uT, P.= pug Ty, [t = const . (2.11)

8In general, we may introduce two different parameters 4 and p— in Py and P_; the resulting expression
for the reduced action will then be obtained by replacing yu — /urp—.



Here p is an arbitrary scale parameter (the scale corresponding to fixing the residual
conformal diffeomorphisms, similar to p* in light-cone gauge) and T is a special constant
matrix chosen in [2] to be?

2 (X0 2 1 2
_t T2 — _ 27 tr T2 =0. 2.12
) Loseroe. e

Here ¥ is defined in (2.2) and we also introduced a new bosonic field variable g which
belongs to G = Sp(2,2) x Sp(4), i.e. to the subgroup whose Lie algebra is /f\o.

Having chosen T', we may define a subgroup H in G that commutes with 7', [T,h] =
0, h € H: in the present case we get H = SU(2) x SU(2) x SU(2) x SU(2).}? Using the
gauge freedom and the equations of motion one can choose g € G and A, A_ taking values

in the algebra h = su(2) @ su(2) @ su(2) @ su(2) of H and defined by
Ap=gAig +0:g9 97", A= (A (2.13)

as the new independent bosonic variables [2, 32].
Next, one can impose a partial k-symmetry gauge

Qi =0, Q24 =0, (2.14)
and then define the new independent fermionic variables
= Q1+, Wy =gQ2 g " . (2.15)

Similarly to Q1+ and Q2—, the new variables ¥; and ¥y belong to f1 and fg, respectively.
Indeed, the adjoint action of g € G separately maps the subspaces f1 and fg into themselves
since the algebra of G is fo and according to the Z; decomposition []‘Z7 f]] = fHJ mod 4. 1.€.
[/f\o,/f\g] = /f\g. Note also that W1 and W5 are completely independent being related to different
components of the fermionic current.

The residual x-symmetry can be fixed by further restricting ¥ o by demanding that
they anticommute with 7', {¥; 9,7} = 0. Namely, we may introduce the projector from
\1/1 2 to \I’”

1
ol =110 = 5 (¥ +4T9T), 2 =11, (2.16)
ollr = —7ll, T, 7,9l = -l ol =T ¥, ¥=—21vw. (2.17)
Note that since according to (2.2) [X, K] = 0 the projector II commutes with the “real-
ity condition” projectors P, in (2.5), so that it can be imposed in addition to the con-
straints (2.6) or (2.7).
The Z5 decomposition implied by I can be represented explicitly as follows:

X
T ;o x=Xxl+xt  Xxl=—xxly, xt=xx'n. (218)
Xty 0

9The choice of normalization of T is of course arbitrary and can be changed by rescaling .
Note that there is a natural arbitrariness in the choice of ¢ in eq. (2.11) since P_ is invariant under
g — hg if h € H; that implies an additional H gauge invariance of the resulting equations of motion for g.



Writing X in terms of 2 x 2 blocks and using (2.2) we get

_fap (0B (a0
X:<7 5), X”_<7 0), Xi_<0 5). (2.19)

We may then define the new fermionic variables as [2]

vo— Lyl v -yl (2.20)

R \/ﬁ17 L \/EQ’

so that W, and ¥, are expressed in terms of “off-diagonal” matrices X, and X, as X I
in (2.19). The “reality” constraints (2.7) on ¥, €1 and v, €fs in (2.7) then imply that
the corresponding 2 x 2 blocks are expressed in terms of real Grassmann 2 x 2 matrices £
and n (J? = —1, see (2.2))

6R’L = §R7L iiJ§R7LJ , Yrr = Nar FiJnrJ . (2.21)

Explicitly, in terms of 2 x 2 blocks

0 0 0 §n H1JELT
v, - 0 t O. t Ng —tJngJ 0 ’ (2.22)
‘ 0 =, —iJn,J 0 0
g —aiJet g 0 0 0
0 0 0 g, —iJE T
0 0 n, +iJn,J 0
U, = 0 b ignt g o 0 r 0 . (2.23)
& +iggty 0 0 0

Thus each of ¥, and ¥, are parametrized by 2 x 4 = 8 independent real Grassmann
variables. Note that the change R — L is equivalent to i — —i, i.e.

V. (Erinr) =V, (€L — &R — 1R) - (2.24)

2.2 Lagrangian of the reduced theory

The reduced theory Lagrangian that reproduces the classical equations of the reduced
theory (obtained from first-order equations corresponding to the GS Lagrangian (2.9)) is
given by the left-right symmetrically gauged WZW model for

G Sp(2,2) Sp(4)

H ~ SU@2) xSU@2) ~ SU2) x SU(2)

supplemented by the following integrable bosonic potential and the fermionic terms [2]:

Lot = Lp + Lr = Lewzw(g, A) + p* Str(g~'TgT)
+ Str (U, TD ¥, + U, TD U, + png 'V, g¥,). (2.25)

Here all fields are represented by 8 x 8 supermatrices (so that Str in bosonic terms means
the difference of traces of the su(2,2) and su(4) parts. The covariant derivative is DLW =



0+V + [AL, V], Ay € bh. Given that [T,h] =0, h € H, the Lagrangian Ly is invariant
under H gauge transformations

g =h"'gh, L =hT'Ash+ R 0sh, W =hT'W, b (2.26)

The u-dependent terms in (2.25) are essentially the original GS Lagrangian after the sub-
stitution of (2.11), (2.14), (2.15) and (2.20); one may conjecture that Lgwzw(g, A) plus
free fermionic terms should originate from the change of variables (from fields to currents)
in the original GS string path integral [2, 4].

Similarly to the original closed string GS action, the reduced theory action is defined
on a 2d cylinder (i.e. the fields are 27 periodic in o) and should also have the string tension
in front of it. In discussing UV (short distance) behavior of the theory the compactness
of the o direction is not relevant; likewise the masses of fields are also unimportant. In
that discussion we shall therefore formally replace the cylinder with coordinates (7,0) by
a plane and consider the mass terms as part of the interaction potential. In that case the
parameter p (which, as we shall see will not be renormalized) can be set to 1 by rescaling
the worldsheet coordinates; we will prefer however not to do that explicitly.

The dimension of the bosonic target space in (2.25) is the same as the dimension
of the G/H coset, i.e. 444=8. The fermionic fields having “standard” two-dimensional
fermionic kinetic terms are represented by the 8 x 8 matrices subject to the two Zs grading
conditions discussed above, so that they are describing eight left-moving and eight right-
moving Grassmann degrees of freedom. Remarkably, the reduced action is only quadratic
in fermions, in contrast to original GS action which is at least quartic in fermions in a
generic real xk-symmetry gauge.

Another way of writing the fermionic terms, which takes into account the constraint
A% = =V, T, follows from introducing an explicit projector in the fermion kinetic

L,R

term, as was done in [2]: WTDW — WTTIDW. The resulting action is'!
1
Lp = Str (U, [T, DLV, )+ U, [T,D_U,] + 2ug 'TIV, gIITV, ) . (2.27)

The second “reality” constraint (2.7) implied by the Z, split may also be implemented by
insertion of the corresponding projectors.

One may also write the action in terms of the independent real Grassmann variables
entering the explicit solution (2.22), (2.23) of the constraints. Using (2.22), (2.23) fermionic
kinetic term in Ly then takes the standard simple form (upon integration by parts)!?

LFO = Str(quTaJr\IIL + \IIRTa*\IIR) =2 tr(giaJrgL + ﬁtLa+UL + 5;6751?, + 77;6*77142'28)

" The projectors in the interaction term may be omitted as they will be implemented in perturbation
theory through the fermionic propagator factors. Another equivalent way of writing the action is solve the
constraint {T, ¥} =0 as ¥ = [T, ¥].

?Note that (up to a total derivative) Str(¥7d¥) = —Ltr[X T (dX — £dXY)], where we used eq. (2.5) and
the fact that the fermionic matrices anticommute under the ordinary trace.



The gauge connection in Dy which belongs to h = su(2)®su(2)®su(2)Bsu(2) can be easily
included. If A = diag(Ay, Ag, A3, Ag), A; € su(2) then we get terms like tr[3T(A;5—FA4)—
7T(Aay —~A3)]. Then the action can be rewritten in terms of independent 2 x 2 matrices.'3
The “Yukawa” interaction term in (2.25) can be written in more explicit form by using

that

gV 0 1) (2)
9=\"g @) 9 € Sp(2,2), ¢ € Sp(4) (2.29)
Str(g7'W, g0 ,) = tr(¢V X, gD XTE - gD IXT g X ) (2.30)

where

0 +1iJE, T 0 —1JEL T
X, = ) G TGT) oy LT g
Ne — tJJngJ 0 n, +iJn,J 0

This fermionic interaction term is the only one that that mixes the bosonic fields ¢t e

Sp(2,2) and g € Sp(4) of the reduced models (based on gWZW models for %
Sp(4)

W) for the AdSs and S° parts of the original GS coset model.'* The fermions

carry representations of both Sp(2,2) and Sp(4) and thus intertwine the two bosonic sub-
15

and

theories.
It is this interaction that is responsible for making the reduced model UV finite, i.e.
conformally invariant modulo the built-in scale parameter p (which is the remnant of
gauge-fixing the conformal diffeomorphisms at the classical level).
At the level of the equations of motion the H gauge field A+ can be gauged away; the
result is the following fermionic generalization of the non-abelian Toda equations [2] (see
also [50])

O_(97'049) + p°lg" ' Tg, T + ulg™ "0, g, W, ] =0, (232)
0, —2uT(g' v, g)l =0, 0,0, —2uT(g¥,g ")l =0, (2.33)
(971049 — 2TV, WV )y =0, (g0_g™ ' = 2TV, ¥, )y =0, (2.34)

where the last line follows from the equations for A4 and we used that ¥, r anticommute
with T (see (2.16), (2.20)) as well as that 72 = — 1.

One may also eliminate the gauge fields from the fermionic terms in (2.25) as usual in
2 dimensions — by writing A, = udiu~', AL = @d+u ' and performing a local rotation

13Expanding near the trivial solution A = 0, g = 1 the fermionic action then takes the form equivalent
to the quadratic fermionic action in the near - pp-wave or BMN limit in egs. (5.6), (5.7) in [10].

1A similar term in the original GS action reflects the presence of the RR 5-form coupling.

5This feature resembles more a WZW models based on a supergroup rather than a supersymmetric
extension of WZW model. At the same time, the fermions here have first-order kinetic term, so we obtain
a kind of hybrid model. In the special case of AdSs x S? the resulting reduced model does have 2d
supersymmetry and is equivalent to the N' = 2 supersymmetric extension of the sine-Gordon model. In
this case G = SO(1,1) x SO(2) so the fermions are in the singlet representation. A less trivial case of the
reduced model for AdSs x S* was worked out explicitly in [4]; there the existence of the 2d supersymmetry
in the resulting model is not obvious and remains an open question.
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of the fermions.'® The bosonic gWZW part of the Lagrangian written in terms of h n

1 -
waw (U g0) = Ly (
of § = u~lgu since T commutes with u, .

becomes L u~ %) and the potential term can also be written in terms

Alternatively, one may fix an H gauge on g and integrate the fields Ay out [2] leading
to a bosonic sigma model with 4+4 dimensional target space coupled to 8 fermions (with

quadratic and quartic fermionic terms).!”

Since the fermions are transforming in different representation than bosons, the re-
duced Lagrangian (2.25) is not of a familiar supersymmetric gWZW theory (deformed by
a bosonic potential and Yukawa-type terms) and thus more difficult to analyze. It is never-
theless a simple well-defined theory intimately connected to the AdSs x S° GS superstring.
It is therefore of interest to study its quantum properties. Finiteness of AdSs x S° super-
string (checked directly to the two-loop order [14]) suggests, assuming the relation via the
reduction should hold beyond the classical level, that this theory should also be UV finite.
In contrast to the GS superstring, here it should be much easier to verify the finiteness
since the reduced theory is power counting renormalizable.

Indeed, the reduced theory is obviously UV finite for p = 0 (since gWZW model
coupled to fermions is). Also, the structure of the u-dependent interaction terms in (2.25) is
constrained by symmetries, and it seems possible that bosonic and fermionic contributions
to renormalization of the potential terms may cancel each other (as they do in the reduced
model for AdSs x S? superstring which is the A/ = 2 supersymmetric sine-Gordon theory).
Our aim below will be to present evidence that this model is indeed UV finite.

3 Bosonic part of the reduced theory and UV divergences

To get an idea about the structure of possible UV divergences in reduced theory (2.25)
let us first consider its bosonic part. We shall first review the form of the sigma model
that appears as a result of choosing a specific parametrization of the basic field g € G and
integrating out the H gauge field A,. That assumes that the H-gauge is fixed by choosing
a particular form of the group element g.

In the case of the string on R; x S™ or sigma model on the sphere F'//G = S™ the reduced
theory is based on the gWZW model for G/H = SO(n)/SO(n — 1). It is constructed by
choosing a parametrization of g in terms of the coordinates of the G/H coset and integrating
out the H gauge field A,. We end up with an integrable theory represented by an (n-1)-

dimensional sigma model with a potential (see [2])

L = Gpi(z) dpz™0_zF —Ul(z) . (3.1)

16 As in the supersymmetric WZW model, the corresponding Jacobian may lead to a shift of the coefficient
of the bosonic term.

17 A disadvantage of this gauge is that the resulting action does not allow a straightforward expansion
near the g = 1 point. For this purpose it seems necessary to choose a “intermediate” gauge, where both
Ay and g are partially fixed.
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Here 2™ represent the n — 1 (= dim G — dim H) independent components of g left after
fixing the H gauge.'® The potential term (or “tachyon coupling” in string sigma model
language) in (3.1) originates directly from the p? term in the action. It is a relevant (in
the case of a compact group F' such as for the sphere) or irrelevant (in the case of a non-
compact group F' such as for AdS,,) perturbation of the gWZW model and thus also of the
“reduced” geometry, i.e. it should satisfy

1
VGe22

where @ is the dilaton resulting from integrating out A,. An explicit parametrization of g

Om (VGe 22 G0, U — MU =0, (3.2)

in the case of G = SO(n) in terms of Euler angles is found by choosing

9= 9gn-1(0n-1) ... 92(02)91(2¢)g2(02) . .. gn—-1(0n—1) , (3.3)

where g,,(0) = e/ and R, = Ry, m+1 are generators of SO(n+1). Thus ¢ = %61, and 6,
(p=2,...,n —1) are n — 1 coordinates on the resulting coset space X", with ¢ playing
a distinguished role. Then the potential U has a universal form for any dimension n: it
is simply proportional to cos 2y as in the sine-Gordon model (n = 2) [2]. The metric and
the dilaton resulting from integrating out the H gauge field A, satisfy

ds? = Gpdz™da® = dp® + gpe(p, 0)dOPdO? VG 2% = (sin2p)" 72, (3.4)

so that the equation (3.2) is indeed solved by

2
Uz—%cos2g0, M? = —4(n—1), (3.5)
i.e.
12
L = 0,00_¢~+ gpg(p,0)0,070_07 + 5 cos 20 . (3.6)

The explicit form of the X"~ ! metric (3.4) with n = 2, 3,4 as found directly from the (2.25)
with (3.3) is the following. For the reduced models for S? and S?, i.e. for G/H = SO(2)
and G/H = SO(3)/SO(2) we have

ds’_y = dyp? ds?_y = dp* + cot® p df* . (3.7)

For G/H = SO(4)/SO(3) [34]

2

ds®_, = dp® + cot? ¢ (dfy + Vdhy)? + tan? ¢ V =cotftanfy, (3.8)

Sin (91 ’

8Tn contrast to the metric of the usual geometric (or “right”) coset SO(n)/SO(n —1) = ™! the metric
Gy in (3.1) found from the symmetrically gauged G/H = SO(n)/SO(n — 1) gWZW model will generically
have singularities and no non-abelian isometries. The corresponding space may be denoted as £"~!. While
the gauge A, = 0 preserves the explicit SO(n—1) invariance of the equations of motion, fixing the gauge on g
and integrating out A, breaks all non-abelian symmetries (the corresponding symmetries are then “hidden”,
cf. [53]). Instead of Rk = a Gumi for a standard sphere the metric G, satisfies Ry + 2V Vi ® = 0
where @ is the corresponding dilaton resulting from integrating out A,.
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or after a change of variables x = cosf; cosfy, y =sinf,

cot? ¢ dx? + tan? ¢ dy?

(3.9)

From G/H = SO(5)/SO(4) gWZW we get [33]

o3 o3
ds;_5 = dp® + cot® ¢ (dfy + Vdfy + W dfs)* + tan® : 2 3.10
Sp_s ©° + cot” ¢ (db) + 5+ 3)° + tan® ¢ w020, T sn2er ) ( )
tan 01 sin 265 cot 01 sin 203
V= W = . 3.11
cos 209 + cos 203’ cos 209 + cos 203 (3.11)

Together with the cos2¢ potential (3.5) the latter metric thus defines the reduced model
for the string on R; x S°.

One can similarly find the reduced Lagrangians for F/G = AdS, = SO(2,n —
1)/SO(1,n — 1) coset sigma models which are related to the above ones by an analytic
continuation. A “mnemonic rule” to get the AdS,, counterparts of S™ reduced Lagrangians
is to change ¢ — i¢ and to reverse the overall sign of the Lagrangian. In general, that will
give the G/H = SO(1,n — 1)/SO(n — 1) counterpart of (3.6) of the form

2
L = 0, ¢0_¢ + Bpqlp, 0) 00 0_11 — ’“‘7 cosh 2, (3.12)

where 8p,(¢) = —gp,(i¢) (i.e. cot? ¢ — coth? ¢ in (3.7), etc.).

The reduced model for bosonic strings on AdS,, x S™ can then be obtained by formally
combining the reduced models for strings on AdS,, x S* and on R x S™ [2]. For example,
in the case of a string in AdSy x S? we find the sum of the sine-Gordon and sinh-Gordon
Lagrangians

2
L =049p0_p+ 0Lp0_¢ + %(cos 2¢ — cosh2¢), (3.13)

while for a string in AdSs x S% we get (see [2, 4])

2
L= 0,90 _@+cot? p 0,00 0+ 0, ¢p0_p+coth? ¢ 9, 90_9+ %(cos 2p—cosh2¢) . (3.14)

Similar bosonic actions are found for a string in AdSy x S* and in AdSs x S° using (3.8)
and (3.10).

Next, let us discuss the quantum properties of the above bosonic sigma models. Since
these are deformations of conformal gWZW models, we should not expect infinite renormal-
ization of the resulting sigma model metrics,' but the potential terms may get renormal-
ized. While the cos 2¢ potential is a relevant perturbation of the coset CF'T in the compact
S™ case, the cosh2¢ is an irrelevant perturbation of the corresponding coset CFT in the
AdS,, case (i.e. the sign of the mass term M? in (3.5) is opposite). Thus the coefficients of
the two terms in the potential in (3.14) (and in similar higher-dimensional models) “run”

90On dimensional grounds, the deformation terms cannot contribute to the renormalization of the two-
derivative terms.
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in the opposite directions. As a result, the bosonic reduced theory like (3.13) or (3.14) is
not renormalizable already at the leading one-loop order: one would need to introduce two
different bare coefficients in front of the cos2¢ and the cosh 2¢ terms in the potential to
cancel the divergences.

A simple way to see that different renormalization is to note that the one-loop cor-
rection given by logdet A terms is not sensitive to a change of sign of the classical action
which should be done while going from S™ to AdS,, reduced model via ¢ — i¢. Thus if
in the S™ model we get a divergence cj cos2¢ In A, then in the AdS,, model it should be
given simply by the same with ¢ — i¢, i.e. by ¢1 cosh2¢ In A. Hence the total divergence
will be ¢1(cos 2¢ + cosh 2¢) log A. It will thus have a different structure than the classical
potential in (3.13), (3.14), and so cannot be absorbed into renormalization of the single
parameter p.

More generally, the supertrace symbol in Str(¢g~'7T'¢T') in (2.25) means that the poten-
tial terms for the AdSs and S® parts of the reduced theory are taken with the opposite signs
(i.e. as cos2p — cosh2¢ in the Euler angle parametrization (3.3)). Since the anomalous
dimensions?” of the corresponding two terms are opposite (which is related to the opposite
signs of curvature of AdSs and S°), the logarithmically divergent term coming from the
bosonic part of (2.25) is actually the sum, not the difference, i.e. defined in terms of g in

the product of the two groups it contains tr instead of Str
L1 100p = a1 tr(g 'TgT) InA . (3.15)

One expects that in the full reduced theory (2.25) corresponding to the AdSs x S° super-
string the fermionic terms will make the whole theory UV finite, i.e. (3.15) will be canceled
by the fermionic contributions, i.e. the potential can be considered as an exactly marginal
perturbation (with the value of its coefficient p being finite and arbitrary).

This is indeed what happens in the AdSy x S? case where the reduced theory is equiva-
lent to the (2,2) supersymmetric sine-Gordon theory [2]. For this to happen in the general
theory (2.25) the contribution to the divergences coming from the fermionic Yukawa inter-
action term should also be proportional to (3.15), i.e. to the sum of the bosonic potentials
instead of their difference entering the classical action.

It is possible to argue that indeed the fermionic part is invariant under the analytic
continuation ¢ — i¢, so that its one-loop contribution to the renormalization of the bosonic
potential should also be even, i.e. proportional to the sum of the potential terms as in (3.15).
For example, the explicit form of the fermionic terms in the AdSs x S3 case given in [4] is
invariant under ¢ — i¢, ¢ — —ip. In the next section we shall give a general argument of
why that should happen and check explicitly that the resulting divergent coefficient indeed
cancels against the bosonic one.

Let us continue with several general remarks about the structure of 2-loop renormal-
ization of the potential (or “tachyon coupling”) term in a generic bosonic sigma model

1
S =

4o

/dQO' |G (@) 020y z™ + € By (2)0, 292 — U(x)] . (3.16)

201t is useful to recall that tr(g~'Tg¢T) is a primary field of the WZW theory [43].
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The renormalization of U is governed by the S-function (see, e.g., [35-38])

gU = —yU —2U, (3.17)
v = Q™D,,D, + 0, (3.18)

1
Qmn — §O/Gmn +p1a/2Rmn + p2a12HnIngnkl + 0(0/3) . (319)

Here we follow the notation of [36, 39]. The 2-loop coefficients py, p2 are scheme dependent
(they can be changed by redefining G,,,). In dimensional regularization with minimal
subtraction [35, 36] p; = 0 while py, in principle, still depends on how one treats e*” in
dimensional regularization (cf. [37, 39-41]). In a scheme where ¥ is considered as being 2-

dimensional one [40] (which also corresponds to the f; = —1 scheme in [5]) one finds [37, 39]
P2 = —%. In this case the dilaton and tachyon 2-loop 3-functions take the form?!
é 1 1 / mkl 3
p? = —vo+ 6 D — Za Hyi H + O(Oé ) > (320)
1 1
gV = AU -2U, = 50/ [Gm" - ZO/HTZZHnM + 0(0/3)] DD, . (3.21)

In the case of a WZW model (i.e. when the group space is a target space and H,,j; is
the parallelizing torsion) these expressions are then in agreement with the WZW central
charge (C' = 63%, ¢ = const) and the anomalous dimension of the field trg(c) as found
in [43] (see also [40, 44]):

kd c c c c
C=_—"""__4 1__G_|_...>’ U:7*U21<1——G+--->U, 3.22
Ft e, ( 2k TR, TR 2% (38.22)

where o = %, Ry = %Hmlenkl = %Gmn, Co = %, G"" Gy = dand ¢, and ¢, are the
values of the Casimir operator in, respectively, the fundamental and adjoint representations.
More explicitly, if we consider the renormalization of a potential term in a WZW model

L= 1Ly, (9) = Ulg) , (3.23)

as we shall do in the next section, then, as follows from the above general results, the
2-loop renormalization of U will originate only from the vertices in the WZ term in the
action (and will be, in general, scheme-dependent).

Such a 2-loop shift in the anomalous dimension is absent in 2d supersymmetric WZW
models due to an additional contribution of the fermions that are chirally coupled to g.
That can be seen by first integrating the fermions out which leads to the shift of the
overall coefficient k of the WZW term?? k — k/ = k — %CG and thus eliminates all higher
than 1-loop contributions to the anomalous dimension of U: the corresponding dimension

. . [ _C
in (3.22) is then Wil = %

2'The corresponding operator + enters also the dilaton 3-function considered in [39]. See also the discus-
sion around eq. (5.10) in the second reference in [47].

22In WZW model written in a manifestly supersymmetric form the fermions are Majorana spinors coupled
to g as tr(Yys7" (0,99~ ", ¥]), and their rotation ¢, — g~ g, ¥r — gwrg~' that decouples them from
g produces a non-trivial jacobian that shifts the coefficient of the WZW term [48].
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The case of the reduced theory which we shall consider below is different from the case
2d supersymmetric WZW theory with a bosonic potential in that here there is an additional
fermionic interaction term that contributes to the renormalization of the bosonic potential
and completely cancels out also the 1-loop anomalous dimension.

An apparent consequence of the above general expression for U (3.21) is that in the
sigma models like (3.14) obtained by integrating out the gauge field A where there is no
WZ-type By, coupling (H,,,r = 0) there will be no non-trivial renormalization of the po-
tential at the 2-loop order. There is a caveat that since this sigma model is obtained from a
conformal gWZW model its classical metric will be conformal only in a special scheme [38];
in a standard (minimal subtraction) scheme the metric will be deformed by o' = % cor-
rections starting from the 2-loop order [45-47]. As a result, expressed in terms of the
“tree-level” metric, the anomalous dimension will receive an effective 2-loop contribution
coming from the 1-loop term after one uses there the 1-loop corrected metric. This sub-
tlety would be absent in a 2d supersymmetric gWZW model where, as recalled above, the
fermions produce a compensating shift of the level k and thus the expressions for the central
charge, anomalous dimension and the effective sigma model metric obtained by integrating
out the A gauge field remain essentially the 1-loop ones (see [47] and refs. therein).

Though there is no apparent 2d supersymmetry in our reduced Lagrangian (2.25)
one may suspect that the effect of fermions there may be similar to the one in the 2d
supersymmetric gWZW case. If we assume that the fundamental quantum variables are
actually the GS fermionic currents Q1 and @2 in (2.9) then (2.15) which defines ¥, and
V. is similar to a rotation that decouples fermions from bosons and produces the level
shift k — k' =k — 1c,
not, however, directly apply to our case since the fermionic kinetic term in (2.25) contains

in the 2d supersymmetric WZW model.2> The above remark does

the matrix 7" which does not in general commute with g so after the rotation of ¥, we will
be left with a non-trivial g~'Tg coupling in its kinetic term.

As was already stressed above, compared to WZW theory coupled to fermions, we
have in addition a fermionic counterpart of the potential term in (2.25) that may also
contribute to the renormalization of the bosonic potential. This “Yukawa” interaction
term originated from the fermionic WZ term in the original GS action (2.9) and thus its
contribution (beyond the 1-loop level) may be sensitive to a choice of regularization, just
like the treatment of the bosonic WZ term is.

These issues are related to the fundamental question: how we actually define the
quantum version of the reduced theory, i.e. which is the choice of the basic quantum
variables, path integral measure and regularization? This question is especially non-trivial
here in view of the absence of a manifest symmetry relating the bosonic and fermionic
variables. It is natural to assume that these choices should be made so that to ensure that

23 Indeed, the standard relation [49] for a fermionic determinant implies det(d4 + Adjg-1, 4) det(0- +
Adjz-15_5) = expleg Lyyaw (g™ ")] detd; detd-. Here we assumed that fermions are in adjoint repre-
sentation; otherwise c, should be replaced by the corresponding quadratic Casimir of the representa-
tion, T,T, = c¢.I. This expression can be factorized into separate chiral determinant contributions using
Polyakov-Wiegmann identity, and then I, (g) (or Iy, (1)) can be interpreted as the effective action
for a Dirac fermion with purely right (left) coupling to the corresponding current.
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the resulting theory is UV finite, just like the original GS theory should be.

Below we shall assume that the fundamental fermionic variables are ¥, and ¥, having
canonical kinetic terms and will show that all 1-loop divergent contributions to the potential
terms cancel, while the 2-loop contributions which are, in general, scheme-dependent, also
vanish in a natural regularization scheme.

4 UV finiteness of the reduced theory

In this section we shall study the divergences of the reduced model (2.25) for strings in
AdS5 x S® without first integrating out the H gauge field. This allows us to utilize explicitly
the conformal invariance of the gWZW model so that the only possible renormalization
that needs to be analyzed is that of the potential terms.

4.1 Change of variables in the reduced action

To study the quantum properties of reduced model it is useful to reorganize its action and
decouple the H gauge field as was already mentioned below eq.(2.34), i.e. following the
same pattern as in the bosonic gauged WZW models. Namely, we can always choose the
two-dimensional gauge fields to be of the form

Agf) ORI A9 — a®o,a®-1, (4.1)

where i = 1,2 labels the two copies of SO(4) algebra in the algebra of H isomorphic to
SO(4) x SO(4). Then, the coupling between g and the gauge field may be eliminated by
redefining g = diag(g", ¢®) € Sp(2,2) x Sp(4) as follows

50 — 414050 | (4.2)

This redefinition may be written more compactly as § = v~ 'g@ by introducing the “super-

9 24
70 0 @ o TS
~ (g (u _ [u
9= ( 0 5(2)> T < 0 u(2)> 0T ( 0 u<2>> ' (43)

We can also redefine the fermionic fields in (2.25) as?®

matrices

U, =u ', u, U, =u "V, a. (4.4)

L

Then the reduced Lagrangian (2.25) becomes

L =1 (@) - KL (ua)+ p?Str(g71T97)

+ Str(0, 70,0, + W, TO_V,) + uStr(3710,59,) . (4.5)

We used that ©w € H commutes with 7. Here the factor &’ in the second term indicates the

shift of the overall coefficient (or the level k, that we formally set to 1) coming from the

24The supertrace of such matrices is defined as a difference of traces of diagonal blocks.
ZNote that since u, % are from H and thus commute with 7" the rotated fermionic fields also satisfy the
constraints in (2.16), (2.20), i.e. they anticommute with 7.
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Jacobians of the above change of variables from A4 to u, @ and from the rotations of the
fermions (4.4) as in the usual 2d supersymmetric gWZW case [30]. Here the shift is &' =
kE+(1-— %)050(4) where c,4(4) is the quadratic Casimir of H® = S0(4). The shift by Cso(4)
is coming from the bosonic Jacobian and by —%050(4) from the chiral fermionic Jacobians
regularized in a vector-like fashion so that their contributions combine into L\(}f;)w (uta).

This redefinition is very useful for the purpose of studying the UV properties of the
theory: we can ignore the decoupled WZW term for the subgroup H (i.e. the term multi-
plied by £’ in (4.7)) since it is conformally invariant on its own. The fermions in (4.7) have
free kinetic terms. By formally assuming that 7' transforms under G = Sp(2,2) x Sp(4)
in an appropriate way2® we may then treat the remaining terms in the action as being
invariant under G.

Let us note that in general one can not, of course, completely decouple L., (u='a)
term: the gauge-invariant observables in the original theory may depend on u and .
Indeed, the action (4.7) — even written in an apparently factorized form — still exhibits

the following gauge invariance
G hgh™!, U p— hUpgh™t, w— huh™!, w— huh™',  (4.6)

where h = diag(h(!,h(?)) € SO(4) x SO(4). The observables of this theory must be
invariant under these transformations. Clearly, traces of products of powers of g and T are
invariant. However, partial derivatives of ¢ must be promoted to covariant derivatives of
g. Thus, u and & must necessarily enter the observables.

4.2 Structure of divergences in quantum effective action

We are interested in understanding the UV finiteness properties of the theory (2.25) or,
equivalently, of (4.5). To simplify the notation in what follows we shall omit tildes on g
and ¥ in (4.5), i.e. study the UV properties of the following theory

L=L%) (9)+p*Str(g ' TgT) +Str (U, TV, +V,TO_V ) +uStr(g 'V, g¥,), (4.7)

WZW

where g € Sp(2,2) x Sp(4).

This theory is power counting renormalizable but it is not clear a priori that divergences
will preserve the specific structure of the potential terms. Indeed, as was discussed in
the previous section, the bosonic part of (4.7) is the sum of the two decoupled theories
for ¢ e Sp(2,2) and g2 e Sp(4) with the potential terms “running” in the opposite
directions. Thus renormalizability of the bosonic theory a priori would require us to add
also the coupling (see (3.15)) ﬂQtr(g_ngT) or introduce two independent couplings for
the two bosonic potentials.

Moreover, fermionic coupling constant in (4.7) need not be equal (in the absence of
explicit 2d supersymmetry) to the square of the coupling in the bosonic potential, i.e. it

260ne may define this transformation as follows. The fixed matrix T identifies an SO(4) x SO(4) subgroup
of Sp(2,2) xSp(4). Then, Sp(2, 2) xSp(4) transformations of 7" amount to choosing different (but equivalent)
embeddings SO(4) x SO(4) C Sp(2,2) x Sp(4). At the level of the original action, a realization of this
symmetry requires transformations of the gauge field. This is not surprising, given that one gauges different
SO(4) x SO(4) subgroups of Sp(2,2) x Sp(4).
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may be some g/ that may “run” differently than p.2” Our analysis below shows that the
corresponding 1-loop renormalization group equations admit a fixed point ' = pu, g =0,
i.e. with this choice all 1-loop divergences (including the ones depending on fermions)
cancel. As for the 2-loop divergences, their coefficients happen, in general, to be scheme
dependent and there exists a scheme where they are absent, providing strong evidence of
the finiteness of the theory (4.7).

We will study the divergent part of the effective action I'[g] for the bosonic field ¢
obtained by expanding the fields around some generic background ¢ (solving the classical

equations of motion)

g—ge, g'l—e gt (4.8)
and integrating out the fluctuation field ¢ (taking values in the algebra of G) and the
fermions. Let us discuss the expected structure of this effective action. It should be
consistent with all the global symmetries which are:

1. manifest G = Sp(2,2) x Sp(4) symmetry assuming that one treats T as a field trans-
forming in the bifundamental representation. As mentioned above, this symmetry is
manifest at the level of the classical action (4.7).

2. symmetry under formal rescaling g — ag which simply means that each term in the
classical action contains an equal number of factors of g and of g—1.28

3. invariance under g « g~ U, « ¥ » combined with the world-sheet o < o_
transformation.

4, g(i) — (—l)aig(i), \IJL,R — (—1)bL,R\IIL’R, with a1, a2,b,,b, =0,1 and a1 +as +b, +
b, = 2.

5. g1« ¢@ @ , < VU, (interchanging the off-diagonal blocks in the fermionic matri-
ces in (2.22), (2.23)) together with changing the sign of the Lagrangian, i.e. the sign
of the overall coupling constant.

The contributions to the effective action depend on either ji+ = g~ '04g if they come
from the WZW action or explicitly g if they come from the p-dependent (or “deformation”)
terms in (4.7). Two-dimensional Lorentz invariance requires that all factors of the vector
j+ appear in pairs. The structure of the action (4.7) (in particular, the chiral symmetry
of the WZW model) and the fact that j has dimension 1 imply that the coefficient of the
42 term must be finite (generated by diagrams containing at least two propagators). For
that reason below we will concentrate on the derivative-independent terms built out of g.

2Tt is easy to see on dimensional grounds that quartic fermionic terms (which are a priori possible to put
into the bare action) are not actually induced here with UV divergent coefficients and thus their coefficients
can be set to zero.

BGince g = diag(¢¥,¢®) is an element of Sp(2,2) x Sp(4) this formal rescaling takes us outside the
domain of definition of g so we will understand this rescaling only in the sense of counting the numbers of
g and g~ factors.
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The symmetries (a) and (b) above imply that at each loop order the effective action I'[g]
is a combination of the tr and Str of polynomials in g~ "7T'¢"T. The symmetry (c) implies
that in each monomial g always appears raised to the same power as its inverse. The sym-

—1in each term

metry (d) implies that the number of factors of g plus the number of factors g
is even. Finally, the symmetry (e) together with the fact that g = diag(g("), ¢®) is block-
diagonal imply that the contribution to the effective action from diagrams with an even
number of loops is the supertrace of a polynomial in ¢~ 1'¢™ T while the contribution from
diagrams with an odd number of loops is the trace of a polynomial in ¢g7"T¢g"T (cf. (3.15)).

Since the only bare g factors may come from the potential terms, having more than two

I requires having more than two vertices from the p-dependent terms.

factors of g and g~
The number of factors of y produced this way equals the total number of factors of g plus
the number of factors of g~!. Then the only way to obtain the correct dimension of the ef-
fective action is to ensure that the coefficients of such terms are given by (two-dimensional)
momentum integrals with negative mass dimension; such integrals are finite in the UV.

From the arguments above it follows that the only potentially divergent contributions
to the bosonic part of the effective action must be proportional to ;2 before the momentum
integrals are evaluated. Divergences of this type may be proportional to either the bosonic
potential term in (2.25), i.e. Str[g~'T¢T] in (4.7), or to tr[g~'T¢T]. Such contributions
may come from the two types of diagrams: diagrams with one vertex from the bosonic
potential and diagrams with two vertices from the boson-fermion (“Yukawa”) interaction
term in (4.7).29

In the following all integrals will be defined with an implicit IR regulator which is
different from the UV regulator. This is needed since we are interested only in UV diver-
gences. In this regime, masses of particles are irrelevant. In other words, we can expand
in powers of the mass parameter of the world sheet fields or in powers of .

A special trick that we shall use below to simplify the calculation of the UV divergences
is to treat the field g (and the fluctuation field ¢) as unconstrained matrices rather than
elements (of the algebra) of Sp(2,2) x Sp(4). This is possible to do by assuming that
the matrix multiplication in the action contains factors of the symplectic Sp(2,2) and
Sp(4) metrics. Such factors project out the non-Sp(2,2) x Sp(4) parts of the fields in each
term of the action. Effectively, the contraction with the symplectic metric introduces the
appropriate projectors in vertices and propagators.

To define the perturbation theory we will need the propagators for the bosonic fluctu-
ation fields ¢ in (4.8) and the fermionic fields that can be parametrized as (x, , and A, ,
are 4 X 4 matrices expressed in terms of {, , and 7, ., see (2.12), (2.22), (2.23))

[T,@L’R]:< 0 Am) . (4.9)

Xi.r 0

29 An equivalent argument can be given of course by starting directly with the action (2.25). Depending
on the number of loops one may have additional vertices arising from the expansion of the action. Due
to its gauge invariance, the gauge field in the gauged WZW action can only contribute through its field
strength, so on dimensional grounds it cannot contribute to the UV-divergent terms proportional to >
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Figure 1. One-loop diagrams contributing to the logarithmic divergences. Bosonic propagators
are denoted by solid lines and fermionic ones by dashed lines. Black dots denote vertices coming
from the bosonic and the bosonic-fermionic potential term in the classical action (4.7).

We will use (a, b, ...) for the Sp(2,2) indices and (a,b, ... ) for the Sp(4) indices and intro-

duce the corresponding symplectic metrics
Qe = 60 Q0% = 50 . (4.10)
Then the bosonic propagator is

<Cab<cd> = Z%(Qacgbd + Qadec)7 <CaECEJ> =

9y

o2 (Paetli + Qadlye) (4.11)

and the fermionic one is (p+ = po & p1)

ta ta

(ALabXped) = p—Jrf(TadQEE = T5e8ad) , (XpedApap) = p—j(TEEQda — TuaQ2) (4.12)
Here a, and a ; are normalization constants
1 1
ab:—z, afzi, (413)

which we shall sometimes keep arbitrary for generality.

4.3 1-loop order

The 1-loop contribution to the effective action I'[g] is given simply by the logarithm of
the ratio of the determinants of the bosonic and fermionic kinetic operators in the g-
background. To test its finiteness it is enough to show the cancellation of the first two
terms in the p-expansion of the logarithm of these determinants.

The leading (u-independent power-like divergent) term in the expansion simply counts
the difference between the number of bosonic and fermionic degrees of freedom and thus
cancels automatically. To demonstrate the cancellation of the subleading (logarithmic) di-
vergence requires a short calculation. The relevant Feynman diagrams are shown in figure 1.

These diagrams represent the next-to-leading order in the mass p expansion of the
trace of logarithm of the bosonic and fermionic kinetic operators. Their cancellation tests

the mass sum rule for the fluctuation fields
> (=1)fimi=0. (4.14)
i
The vertices in figure 1 arise from the expansion of the bosonic and the fermionic terms in
the action (4.7) (g here is the background field)

LY =SSt (T +T¢ = 27¢) 67T | (4.15)
Lgf) = pStr [\I’Rg_l\I’Lg] . (4.16)
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We shall formally assume that the fields have Sp(n — 2,2) x Sp(n)-valued indices (we
will set n = 4 at the end). Then the relevant contribution of the bosonic diagram to the
effective action is

2
(b) _ 2 n+1 n+1 —1 o d p 1
Llfloop =p ab( 9 + 2 -1) 5 tr[g TgT] 5 I = W}? s (417)

where tr is the trace over Sp(n — 2,2) x Sp(n) indices and in the integral I; we assume
the presence of both UV and IR cutoffs.>* In what follows we shall use dimensional
(d = 2 — 2¢) UV regularization, and the IR divergences can be subtracted as, e.g.,
in [41, 55] by replacing the massless propagators by 1% — z% + §5(2) (p).

The three terms in the bracket in (4.17) came from the three terms in Lgb) in (4.15).
We used that (cf. (4.11))

a o,

(C2) = (CavCeq) = S (L4 1) Q. () = (s = — 2L+ )%0,
<(CTC)ah> = <CabecTchdeCeh> = _;%Tafm (4.18)

and that T with two lower indices (i.e. with one index lowered by 2) is an antisymmetric
matrix. The fermionic contribution is

Lgf)l = 1,u2a2 (n+n) L trlg ' TgT], (4.19)

—loop — 9P %y

where in the denominator of the integral we used that —p, p_ = p? and the overall %
came form the expansion of the logarithm of the kinetic operator to the second order. To
arrive at (4.19) we noted that decomposing each vertex in 4 x 4 blocks transforming in
the representations of Sp(n —2,2) x Sp(n) one finds two terms for each vertex. Each term
in one vertex contracts with exactly one term in the second vertex and each contraction
yields one of the two terms in the bracket in (4.19).

Adding Lgli)loop (4.17) and ngi)loop (4.19) one observes that they cancel out (since
according to (4.13) a, = —a? = —1). This implies that (4.14) is indeed satisfied and thus
the 1-loop effective action for a generic classical background g is finite.

Similarly, one may show also the non-renormalization of the fermionic interaction term
in (4.7), implying the cancellation of the 1-loop correction to the fermionic propagator.
Note that in the AdS, x S? case the presence of two-dimensional supersymmetry in
the reduced action [2] makes this calculation redundant, but in general we do not know
which symmetry (if any) relates the bosonic and the fermionic potential terms in the
reduced Lagrangian (2.25). Since these two terms appeared (after gauge fixing and field

30Thus the 1-loop bosonic anomalous dimension of the operator tr[g~'T¢T] in G = Sp(n) WZW theory
is proportional to n. This coefficient is different from the dimension of trg which is proportional to n 4 1
(see (3.22), ¢,.(Sp(n)) = n+ 1). From the general perspective of the sigma model anomalous dimension
in (3.21) this difference can be attributed to the difference of eigenvalues of the Laplace operator on the
group space when acting on the corresponding operators. To compute the action of the Laplacian on
tr[g™'TgT] one may follow [44] and use that d,g = gEIT, and T,T, = c.1 as well as a relation for
T, [T, Tq] similar to the one appearing in (4.18) (this additional contribution leads to the subtraction of 1
from ¢, =n+1).

— 292 —



redefinition) from the original GS action (2.9) where their coefficients were related by
k-symmetry this non-renormalization effectively checks the consistency of the reduction
procedure at the quantum level.

To check that there is no renormalization of the fermionic potential in (4.7) we should
consider the diagram containing a single bosonic loop and an interaction vertex coming from
the expansion of the fermionic interaction term to second order in the bosonic fluctuations:

int

L'(f) = ,U'Str [gil\IILg (C2\IIR - C\DRC + \DRC2) } . (4'20)

The bosonic propagators (4.11) and the fact that the fermions transform in the bifunda-
mental representation of Sp(2,2) x Sp(4) imply that the expectation value of the second
term in the bracket in (4.20) vanishes identically. Finally, the sign difference between the
expectation values in the first line of equation (4.18) implies that the contributions of the
remaining two terms cancel each other. Indeed, we get

(97 9,9)" (((¢2a) V5 + e W5(¢P)aa) )
— (70,00 (Ve + e (P)aa)) (4.21)

where each line represents one of the two terms of the supertrace, and then the
sign difference between ((¢?);.) and ((¢?)ge) in (4.18) implies that each parenthesis
vanishes identically.

4.4 2-loop order

Let us now proceed to analyzing the 2-loop divergent contributions to the action in (4.7).
We shall ignore the power divergences.®! The In? A (or double-pole) divergences should
cancel (according to the standard argument) due to the cancellation of the logarithmic
divergences at the 1-loop order established above. The main issue will thus be the In A (or
single pole) divergences. We shall first consider corrections to bosonic potential and then
discuss possible divergent contributions to the fermionic Yukawa term.

4.4.1 Contributions to bosonic potential

The relevant diagrams (that may produce potentially divergent order y? contributions) con-
tain one p?-vertex from the bosonic potential or two p-vertices from the bosonic-fermionic
interaction term; they are shown in figure 2.

The first diagram contains one parity-even 4-point vertex from L, in (4.7) (we shall
suppress the overall % factor)

Lvvzw i = —%n“”Str [194¢ €1 (0,6, <] (4.22)

and an insertion of a 2-point vertex from the bosonic potential (“mass insertion”). As
in (4.15) in eq.(4.22) ¢ is assumed to be a matrix in the algebra of Sp(n —2,2) x Sp(n) (we

31They are absent in dimensional regularization and in any case should cancel due to the balance of
degrees of freedom, the mass sum rule (4.14) or under an appropriate choice of the path integral measure.
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Figure 2. Two-loop diagrams at order pu?. Bosonic propagators are denoted by solid lines and
fermionic ones by dashed lines.

will again set n = 4 at the end). Namely, it is a symmetric matrix when written with both
lower indices (i.e. with the upper index contracted with the symplectic metric ). The

corresponding contribution to the effective action is proportional to the tadpole integrals:

2

2u _
L 00p = h?af n(n+2) [I1(e)]? Str[g ' TgT], (4.23)
dip 1
I = [ —— d=2—2¢. 4.24
1) / 2m)dp? : (4.24)
= 4?” is the inverse of the coefficient in front of the classical WZW action. We assumed

dimensional regularization.3?

The second diagram, containing one vertex from the bosonic potential, also yields
only tadpole integrals. The bosonic 4-vertex arising from the expansion of the bosonic

potential is

Ly = ﬁu([%{c% FTC - ST+ CTE) + ﬁc%cﬂ g—ng> . (4.25)
where the multiplication of matrices is assumed with the symplectic metric. Also, the prop-
agator in (4.11) enforces the condition that ¢ belongs to the algebra of Sp(n—2,2) x Sp(n).
As was already mentioned above, this implies that we may formally treat ( as an
unconstrained matrix rather than an element of the algebra of Sp(n — 2,2) x Sp(n).

The contribution of each of the three terms in (4.25) to the divergent part in the case
when the group is Sp(n) is proportional to

1 1 1
2x 7+ 1)(2n+1) -2 x 5[_(2n +1)] + W[(n +1)%2—(n+1)+1]. (4.26)
This expression holds also if we replace Sp(n) by Sp(n —2,2). Then the resulting divergent
contribution to the bosonic potential term in the effective action is

12

b _
LYo = hga; n(5n —2) [11(e))? Strlg™'TgT] . (4.27)

As was already mentioned above, while at odd number of loops the divergent contributions
from individual diagrams are proportional to p?tr[g=!TgT], at even number of loops the
divergent contributions are proportional to p?Str[g~'TgT], i.e. have the same form as the

classical potential.

32 As we are interested in isolating the UV divergence, we understand this integral as having an implicit
IR cutoff separate from the dimensional regulator, e.g., one may carry out an IR subtraction at the level of
the propagators as was already mentioned above.
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Next, there is a divergent contribution from a diagram (c¢) with two cubic vertices from
the WZ term in the WZW Lagrangian (4.7) and with a p? insertion from the potential.
Up to a normalization factor h~! = % common to the parity-even part of the WZW

Lagrangian, the cubic interaction term is

2 v
LWZW(g) = 3 " Str(¢ 8MC8VC] . (4.28)
It then yields
L5 p0p = 16h1%a} n(n +2) I Strlg ™' TgT], (4.29)

IQE

dd dd pv y 2

(2m)% p*®[(p + @)°]*
Here we again assumed continuation d = 2 — 2e but we need to decide how to treat €, in
dimensional regularization. This is a well-known issue (see, e.g., [39-42, 57]). In general,
different regularization prescriptions may lead to different results — the coefficient of the
2-loop logarithmic divergences may be scheme-dependent, with different results related by
redefinitions of the coupling constants [39, 60].

Similarly to the original GS action (2.9) containing the fermionic WZ term, the reduced
action (2.25) or (4.5) does not admit a straightforward d-dimensional generalization. This
is analogous to (chiral) supersymmetric theories (see, e.g., [52, 57, 59]) where it is natural
to use the version of dimensional regularization by dimensional reduction [51]. We shall
discuss alternative regularization schemes in appendix A and draw an analogy with the
case of 2d supersymmetric sigma models in appendix B.

Under this prescription we shall do all Lorentz (and spinor) algebra in 2 dimensions
and continue to d dimensions only scalar momentum integrals. In particular, we shall use
the 2-dimensional relation

eV — —77“/“77’/” + 77’/“77“/”, (4.31)
where in the Minkowski signature notation n* = (—1,1). Under this prescription
— (" puay)? =P’¢* — (p-0)?, (4.32)
and thus continuing to d = 2 — 2¢ dimensions we find

_ [ dpdap* —(p-a)® 1
= G g AN (4.33)

The contribution of the diagram (c) in (4.29) is then given by

L(C)

> loop = 4h*a) n(n+2) [1(e)]* Str[g'TgT) . (4.34)

Adding together (4.23), (4.27) and (4.29) and using that a, = —1 we find that the contribu-
tion of the bosonic 2-loop diagrams to the UV singular part of 2-loop effective Lagrangian is
2

ose lu’ —
3%oop = gy n* [N (e)]* Stalg™' T, (4.35)
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where

2
()2 = [ﬁ 4 0(1)] _ m P (4.36)

The coefficient of the most singular term is consistent with the expected renormalization
group behavior of the bosonic theory, i.e. it is related to the square of the coefficient of the
1-loop single-pole in (4.17). The coefficient of the 2-loop subleading % pole is, in general,
scheme dependent; in the standard minimal subtraction scheme we then get no genuine
2-loop divergence (i.e. the 2-loop anomalous dimension coefficient vanishes).

Let us introduce the renormalization constant Z®, i = 1,2, for the two bosonic
operators U® corresponding to two factorized parts (related to the two subgroups of
Sp(n —2,2) x Sp(n)) in p?Str[g~'TgT], i.e. U® = Z(i)UéQre

Z:u2€[1+hﬂ+52<ﬁ+7—%>+--l (4.37)
5 2t 2¢e? ’ '

where we suppressed the index ¢ and we have chosen p to be the renormalization scale
parameter. Then the corresponding anomalous dimension is

dz 1

fy:dlnM:2€+h’71—|—hQ’}/2—|—'-- . (438)

From (4.17) it is easy to see that 7%1’2) = il%ﬂn which, when squared, reproduces the

coefficient of the 5% pole in (4.35).

Let us now consider the fermionic contributions to the 2-loop divergent part of the
bosonic effective action. There are several types of p? terms which arise from bose-fermi
interaction term in (4.7) and they correspond to the diagrams 2(d) and 2(e). They can be

represented symbolically as coming from the square of the interacting terms in the action:
1
2 5(/ d’o Strlg~' ¥, g¥,,] /d20 Str[g7 0, g (W, — (U + 0, P) )
1 B 2
#5(( [ o sulaw,a 0w, - w,01) ) (4.39)

The terms in the first line, diagram 2(d), lead to vanishing contributions to the logarithmic
divergences either because of impossibility of proper Wick contractions (as in the second
term in the brackets) or because of Strl = 0 (as in the case of the first and the third
term).33 The remaining non-trivial contribution comes from the term in the second line
of (4.39), i.e. diagram 2(e)

; 1 )

L 0y = hifa,a? 2 x 5 [n(n +1) = n] Iy Strlg™ TgT]. (4.40)
Pp d¢  pig

Iy = , 441

o= | e (4D

33This is essentially the same calculation which implies the non-renormalization of the fermionic potential
at 1-loop order.
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where we took into account the minus signs due to the fermionic loop, due to the supertrace
in eq. (4.39) and due to the factors of ¢ in the fermionic propagators. The % factor is
inherited from the last line of eq. (4.39) and the overall factor of 2 is present because the
relevant contribution comes from the cross term in the square.

Here again there is an ambiguity in defining the integral I3, i.e. in extending the
factor pyg— in the integrand (which has its origin in the chiral nature of the fermion
coupling in (4.7)) to d dimensions. In the GS action, the fermionic current components
were 2d vectors and they were reinterpreted as 2d Weyl spinors in the reduced theory. The
fermionic interaction term in the reduced theory (2.25) originated from the WZ term in
the GS action (2.9), which suggests that chiral fermions should be treated as if they were
2-dimensional fields. An analogy with the 2d supersymmetric gWZW model suggests again
to use the regularization by dimensional reduction.

Explicitly, that means that we shall first use that in 2 dimensions

P+q— = (po+p1)(q0 — 1) = =" + " )puqy (4.42)

Equivalently, interpreting ¥, and ¥, in (4.7) as upper/lower components of left/right
MW 2d spinor and rewriting the fermionic terms using the 2-component notation with the
explicit 2d y-matrix factors we observe that pyq_ in I3 in (4.40) arises from

1
P+q- = —trfpds (L + %)) = —p- g — pugy (4.43)

where 3 = v9y1 and we assumed that all spinor algebra is done in 2 dimensions.?*

Observing that the term with a single factor of the antisymmetric tensor e*” can
not contribute to the integral and continuing the scalar integrand to d dimensions we

end up with
: 1 p+9)?-1p"-¢
I3 = —/ddpdqu = ——/ddpddq
’ X P +aq? 2 P*¢*(p +q)?
= 5[Il(s)]Q : (4.44)
Then finally (using (4.13))
ermi 1 —
Lg—loop = _3_2hﬂ2 n? [11(5)]2 Strlg 1T9T] . (4.45)

Combining this with the bosonic contribution in (4.35) we conclude that the two contri-
butions cancel each other, i.e. the bosonic part of the 2-loop effective action is UV finite,

LPPet) = 1525 + LET, = finite (4.46)

As already mentioned above, this is just a reflection of the cancellation of the 1-loop
logarithmic divergences as all simple % poles in both the bosonic and the fermionic
contributions computed in the dimensional reduction scheme come together with a 6% pole

which is controlled by the 1-loop divergences.

34Game result for the parity-even term is found if we extended momenta and ~y-matrices to d dimensions
by assuming that p = p"y. +p"3u, {3, 73} =0, [3*, 73] = 0, where i are 2-dimensional and [i are
—2¢ dimensional indices, i.e. pu = (fi, i).
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4.4.2 Contributions to fermionic potential term

The above observation, that the 2-loop correction to renormalization of the bosonic po-
tential is scheme dependent, may seem to contradict the standard lore: in view of the
cancellation of the one-loop renormalization of the potential, one could expect that the
two-loop renormalization should be scheme independent being the first non-vanishing cor-
rection. However, as discussed in section 3 and below eq.(4.7), the reduced theory, when
viewed as a power-counting renormalizable model, is actually a multi-coupling theory (with
the level k and several p-parameters as its couplings, with the action (4.7) corresponding
to a fixed-point choice). In such a case the 2-loop anomalous dimension coefficients may
still be scheme-dependent.

As was already mentioned, several a priori distinct parameters in the action were set
to be equal as required by the reduction procedure starting from the GS action where they
were related by symmetries. In the bosonic part of the theory these were the couplings
of the two potential terms corresponding to Sp(n — 2,2) and Sp(n). With fermions in-
cluded, the coefficients of the bosonic and the fermionic potential terms, Str[g~'T¢T] and
Str[g~ W gW ], were also related. It is then necessary to ensure that such relations survive
quantum corrections.

As we have found above, the corrections to the bosonic potential are finite in a special
dimensional reduction scheme. Finiteness of the full theory then requires that corrections to
the fermionic potential be finite in that same scheme. In the apparent absence of worldsheet
supersymmetry which would relate the bosonic and the fermionic potentials (and thus their
renormalization, assuming one uses a supersymmetry-preserving regularization scheme)
this is not a priori guaranteed.3?

It is therefore crucial to test the finiteness of the corrections to the fermionic potential
in (4.7)

U = pStr(g~' 0, gV ) (4.47)

in the same dimensional reduction scheme.

On dimensional grounds, to (logarithmically) renormalize Uy we need terms with
a single power of p. Since all the fermionic interactions in (4.7) are proportional to
and the bosonic potential is proportional to 2, it follows that this renormalization is
entirely governed by the bosonic Sp(n — 2,2) x Sp(n) WZW model with fermions treated
as background fields.

The relevant diagrams are shown in figure 3.

The computation of their divergent parts is formally similar to that of the renormaliza-
tion of the bosonic potential in (4.7), assuming one treats T as a background field. There
are, however, certain differences related to the different algebraic structure of T" and W,
which prevent the bosonic results from being immediately used here. Nevertheless, the mere

351t is, however, important to recall again that the bosonic and the fermionic potentials are closely
connected to the kinetic and WZ terms in original Green-Schwarz action where the relation between their
coefficients is a consequence of the xk-symmetry. It is possible that a global remnant of the x symmetry that
may be surviving in the gauge (2.14) offers a sufficient protection to guarantee this relation to all orders in
perturbation theory in the reduced model.
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Figure 3. Two-loop diagrams contributing to renormalization of the fermionic potential. Solid
lines are bosonic propagators and external fermionic legs at each p-vertex are suppressed.

fact that the calculation is effectively governed by the undeformed Sp(n—2,2)xSp(n) WZW
model guarantees already that the same scheme dependence which entered the bosonic cal-
culation will enter here as well.

Upon using the fact that ¥, , are off-diagonal (transforming in bi-fundamental repre-
sentation of G, see (2.22), (2.23), (4.9)) and that g is diagonal (cf. (4.3)), it is easy to see
that the fermionic potential may be written as

Uy = u(tlg™ A, 9% = 0rlg® 00 (4.48)

where g(1) € Sp(n —2,2) and g® € Sp(n). Since the Sp(n —2,2) and Sp(n) WZW models
are coupled only through the u-dependent fermionic terms, it follows that, for the purpose
of the renormalization of Uy, we may treat g1 and ¢@ separately. Thus, in a diagram of
topology 3(a) the fields propagating in the two loops must be of the same type since the
quartic vertex coming from the WZW action involves fields of only one type (there are two
distinct diagrams in this class). In a diagram of topology 3(b) the fields propagating in
the two loops may be either of the same type or of different types (there are three distinct
diagrams in this class). In a diagram of topology 3(c) the fields propagating in the two
loops must be of the same type (there are two distinct diagrams in this class).

The diagrams of these three topologies contribute as follows to the 2-loop effective

Lagrangian:

L0, = | sd? “1i(a,)? L(e))? Str[g ™' W, g0
2-1oop = |30, (n+1)(n+2) + (=1)5(=a,)"(n + 1)(n +2)| [11()]" Strlg™ ¥, gV ]
(b) a; 2 1

L2—loop = _hlu'é(n + 1)(” + 2)[-[1 (8)] Str[gi \I]Lg\IIR] (449)

L o = hit [ (n + 1) (n+2) + 8(=a, ) (n + 1)(n + 2)] o(e) Stalg~' ¥, g0, ]

= hu [2@3(71 +1)(n+2)+ 2(—ab)4(n + 1) (n+ 2)] [1’1(5)]2 Str[gfl\Ing\IJR] ,

where the integrals I1(e) and I5(¢) were defined in eqgs. (4.24) and (4.30), respectively, and
in the last line we used eq. (4.33) relating I and (I7)2.

It is interesting to note that each one of the above three contributions is proportional
to (n+1)(n+2). This factor may be understood on the group theory grounds as being the
product of the two quadratic Casimirs, in the fundamental and the adjoint representations
of Sp(n — 2,2) or Sp(n). This n dependence is different from that of the corrections to
the bosonic potential because, on the one hand, in the bosonic calculation one uses that
(see (2.12)) T2 = —11 while here the analogous quantities are 2 or ¥, ¥, do not have
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similar properties, and, on the other hand, some Wick contractions here are forbidden as
the fields belong to different algebras.

Adding together the above three singular contributions in (4.49) we conclude, in
complete analogy with the bosonic potential case, that they cancel out, i.e. the result is
UV finite,

Lgﬁﬁﬁpm') = finite . (4.50)

5 Concluding remarks

The reduced model (2.25) [2, 3] we discussed above is naturally associated, through
the Pohlmeyer reduction, to the AdSs x S® GS superstring action (2.9) and has certain
unique features.

Its construction is based on first-order or phase space formulation of superstring dy-
namics in terms of supercoset currents, with the Virasoro constraints explicitly solved in
terms of a new set of variables related locally to currents and thus non-locally to the orig-
inal GS AdSs5 x S° supercoset coordinates. Although various steps in the reduction do not
appear to manifestly preserve 2d Lorentz invariance, the resulting reduced Lagrangian de-
scribes the dynamics of the physical number of degrees of freedom in a manifestly Lorentz
invariant way. Being formulated in terms of left-invariant currents, the reduced theory is
apparently “blind” to the original global PSU(2,2|4) symmetry; however, being integrable
(the Lax pairs of the original and the reduced theory are gauge-equivalent), it still has an
infinite number of commuting charges associated to hidden symmetries, some of which are
implicitly related to the global symmetries of the original GS theory.

In general, the Pohlmeyer reduction procedure, utilizing the classical conformal sym-
metry of a 2d sigma model, is expected to lead to an equivalent theory only at the classical
level; for example, the original and reduced theory are obviously not equivalent at the quan-
tum level if the original sigma model has a running coupling. In the present case of AdSs x
S5 superstring sigma model, which is a conformal 2d theory at the quantum level, the re-
lation between the original and the reduced theory has a perfect chance to hold also at the
quantum level. The necessary condition for that is that the reduced theory is also UV finite.

As we have demonstrated in the present paper, the reduced theory associated to the
AdS5 % S° superstring model is indeed free of 2d UV divergences in a certain renormalization
scheme. An advantage of the reduced theory compared to the GS model is that here the
main “kinetic” part of the action is based on a gauged WZW theory and thus is guaranteed
to be finite; then what remains to check is only the absence of divergent contributions to
the derivative-independent “potential” part of the action. We explicitly checked that at the
1-loop and 2-loop order but most likely this should be true to all orders and should be due
to a hidden 2d (super)symmetry of the reduced theory.?6 The cancellation of divergences
is due to a very special balance between the bosonic potential term and the fermionic

36Tf the reduced theory does not actually have a standard global 2d supersymmetry, this finiteness prop-
erty suggests that there may be other similar models without 2d supersymmetry that are still UV finite. It
would be interesting to classify them.
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interaction term in (2.25). These two terms originated from the “kinetic” P? and the
fermionic WZ Q? terms in the GS action (2.9) where they were related by s-symmetry.
This suggests that some (global) remnant of the rk-symmetry still present after fixing the
k-symmetry gauge in the reduced action may be responsible for its UV finiteness.

This opens up a possibility of solving the quantum AdSs x S° superstring theory
in terms of the the quantum reduced theory. The precise prescription for translating
observables between the two theories remains to be understood. The most optimistic
scenario is to find a path integral version of the reduction procedure based on changing
the variables from coordinates to currents and solving the conformal gauge constraints as
delta-function conditions 74+ = 0, 7__ = 0 in the path integral.

To test the equivalence of the two partition functions one may consider comparing their
values for equivalent classical solutions. We leave the study of this problem for the future.
Among other open problems let us mention the construction of the (2d Lorentz-invariant)
S-matrix for scattering of the massive elementary excitations in the reduced theory and
the determination of its relation to the BMN (magnon) S-matrix in the AdSs x S° string
theory in a light-cone gauge.

Let us finish with few comments on the role of the p parameter in the reduced theory.
The original GS string theory in conformal gauge has a residual part of the 2d diffeomor-
phism group — conformal reparametrizations — being preserved by quantum corrections.
In the process of constructing the reduced theory we fix this residual symmetry by a gauge
choice (cf. (2.11)) that introduces the constant parameter p. This parameter is a fiducial
scale, similar to the constant p* in the standard light-cone gauge.?” Thus p is similar to
a gauge-fixing parameter and physical observables should not depend on it. For example,
the expression for the energy of a particular string state expressed in terms of conserved
charges of the reduced theory (or, e.g., Casimirs of the original GS global symmetry group)
should not depend on p, i.e. it can be eliminated by re-expressing it in terms of the charges.
At the same time, the S-matrix of elementary excitations with mass p (which, by itself, is
not a physical observable) will depend on p.%®
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A Comments on regularization scheme ambiguity

Regularization scheme dependence of the 2-loop corrections to the bosonic and fermionic
potentials implies that while apparently different results may be obtained under different
choices of regularization (and, in particular, of treatment of fermions and Levi-Civita ten-
sors), all of them are related by suitable redefinitions of the coupling constants of the theory.
The most natural regularization scheme should be consistent with the symmetries of the
theory, and we believe the dimensional reduction regularization used in the main text is
such a scheme, though that seems non-trivial to demonstrate explicitly.?? For completeness,
in this appendix we discuss the 2-loop results in some alternative regularization schemes.
A version of dimensional regularization prescription (which does not, however, preserve
the d-dimensional Lorentz invariance) is to continue momenta to d = 2 — 2¢ from the
very beginning while still treating the Levi-Civita tensor e*¥ as if it is defined only in
2-dimensions [40] (i.e. ¢/ — e = e, [, v = 1,2). Then instead of (4.32) we get

— (@ puan)’ =0’ — (-0 =0’ =P)@* — @) — (p-a—D- D
=P'a = (-0’ = [P°T + P - 245 + [T - (-9’ (AD)
Here p and p are the 2-dimensional and —2e-dimensional components of the momentum p in

d = 2—2¢ dimensions, p* = (p”, pt ). The contribution of the first square bracket in the last
line to the integral in (4.30) is then the same as in (4.33), while the second bracket leads to

_/ d'pd’q [P’ + P —2p-qp- 7] _ _/ d'pd’q  p-q
(2m)% p2g*(p + q)?

(2m)2d . p2dq2[(p +q)*P
ﬁuun“”/dpdq p-q €17, ()2 A
[ = — — .2
d (21)24 p2¢%(p + q)2 d[ 1(6)]7, (A.2)
where we used that for d = 2 — 2¢ one has 7, 7" = —2¢. The integral of the remaining

square bracket in the last line of (A.1) may be written as

dipdlq  ptp“qPq°
S , A3
o = Tl )/ (2m)** p?¢*[(p + @) )

and produces a finite O(g2)[I;()]? contribution. As a result, the expression for I5 in (4.30)

in this regularization scheme is given by the sum of (4.33), (A.2) and (A.3), i.e.

I = E - g + 0(82)] ()] . (A4)

39 An intuitive reason is that the reduced model is related to the AdSs x S° GS superstring where the
r-symmetry should be preserved. The 2-loop finiteness of the AdSs x S° superstring demonstrated in [14]
in this scheme is a strong indication in this direction.
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The contribution of the diagram (c) in (4.29) is then

L(C)

) oop = Ahp2a? n(n +2) [1 = 2be + O] (L) Sulg™'TeT],  (A5)

where b = 0 in the dimensional reduction regularization used in section 4.4.1 with I given
by (4.33) and b = 1 in the second regularization prescription where I is given by (A.4).
The total bosonic contribution is then

2
L‘;iﬁgop = % [n? = bn(n+2)e + O(®)] [L(e))* Strlg™'TyT], (A.6)
where b = 0 corresponds to (4.35).

Thus, unlike what happened in the regularization by dimensional reduction, the
bosonic contribution to the 2-loop anomalous dimension does not vanish in this (d-
dimensional Lorenz-violating) scheme. The resulting value for the 2-loop anomalous
dimension is, however, in agreement with the standard expression for the two-loop anoma-
lous dimension in a sigma model with a WZ coupling (see discussion below eq.(3.17)) and,
in particular, with the expression for the anomalous dimension of the primary field trg in
WZW theory [43] in (3.22).40

Similarly to the treatment of I5 there are several options of how to define the integral
I3 (4.41), i.e. of how to extend it to d dimensions. Instead of using the dimensional reduction
scheme we may choose to extend momenta to d dimensions from the start but treat the
indices of the integrand factor p4g_ in (4.41) as 2-dimensional ones. Then instead of (4.42)
we have (g, v =1,2)

prq- = (po+p1)(g — @1) = =" ppgw — ¢ ppgs , (A.T)

and computing the integral in (4.41) gives, instead of (4.44),*!

I = _/ (d2p o __(Gea) 1<1+2—6>[11(s)]2. (A.8)

2m)% (2m)? p**(p+9)* 2 d
Then
Lfermi _ _h_'u’Q 2(1+f ) [[ ( )]2 St [ 71T T] (A 9)
2—loop — 32 n < e g gl .

where f = 0 corresponds to the dimensional reduction prescription used in (4.45) and f =1

corresponds to the above prescription leading to (A.8).

40Tn the bosonic theory with the group Sp(n—2, 2) xSp(n) we have the kinetic and potential terms for each
factor decoupled, so that for, e.g., G = Sp(n) we get for the two anomalous dimensions, cf. (4.37), (4.38)
(co = Copny = 1 +2) A(Sp(n —2,2)) = S(—1+ 5 +--), A(Sp(n)) = S(1+ 5 +--+), where
c¢1 = ¢, = n+ 1 (=Casimir of the fundamental representation of Sp(n)) in the case of the trg operator
and ¢1 = n in the present case of the tr(g~'TgT) operator (cf. [54, 62]; for comparison, in the case of
tr(g™*T*gT") where T are generators of G one has ¢; = c,, [43]). Going from one group factor to another
is thus equivalent to k — —k (notice that we had Str in the WZW kinetic term in (2.25) and (4.7)).

*'One more option is to use the straightforward dimensional regularization where (p.qv) = 9. (p - q)

1

and thus (pyq-) = —2(p- q). In this case Is = 1[I, (¢)]* leading to 3(1 + 26)m divergent term.
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Combining this with the bosonic contribution in (A.6) we conclude that the leading

6% singularity cancels out between the bosonic and the fermionic terms, just as the corre-

sponding % singularity did at one loop, and we are left with

0S.po 1 h 2 —
LYo = L85, + L, = - | [bn(n +2) + %) + O()| [11(e)]? Stalg ™' TgT)
hyr 2 -1 ;

This remaining divergent term is clearly regularization-scheme dependent and may be set
to zero by an appropriate finite redefinition of the couplings (in particular, the level of the

WZW model).

B Analogy with 2d supersymmetric sigma models with potentials

It is important to note that the dimensional reduction scheme in which the reduced model
is 2-loop finite is also the scheme that would preserve 2d supersymmetry, if it were present
at the classical level.

It is useful to draw analogy with a general analysis of 2-loop renormalization of (p, q)
supersymmetric models deformed by potentials [58] carried out in [59]. A special case of the
model considered in [59] is the (1,1) supersymmetric theory generalizing a supersymmetric
WZW model to the presence of a potential term [58] (cf. (3.16))

S

[ 0](Gon )+ B 200705+ iGon ()7 DS 7+ G ()07 D
+ 20D W ()T — PP G () Wi () Wi () | - (B.1)

4o

Here G,y and By, correspond to a group space G, z™ are coordinates on G, DF) are
covariant derivatives with respect to the two “flat” connections I'"} (G) + S H™ (B),** and
a vector Wy, defines the bosonic potential.

In general [58], Wy, = Up — Vi, where D(,,V,) = 0 (i.e. V3, is a Killing vector),
OmUn) = %Hmnka, U V™ = 0. The condition of 1-loop (and, in fact, 2-loop) finiteness
of such model is [59] D,,,W™ = const.

In the simplest case W,,, = 9,, W where W is real (1,1) superpotential. In that case
the action (B.1) can be written in the superfield form:

S

/ 2od?0 [(Gmn(X) 4 By (X))Dy XM D_X" — W(X)] , (B.2)

4o/

where X™ = z™ + 04T + 0 47 + 0,60 _F™ and D are spinor derivatives.*?

42 As is well known, the kinetic terms of the fermions can be decoupled from bosons by defining the
tangent space components like ¢® = E;, (x)y"™ and “rotating” 1.

4% The (1,1) supersymmetric WZW action can also be written explicitly in terms of a superfield gen-
eralizing the group element g field [61]. Explicitly, we may replace g = ¢” by § = ¢~, X(0,0) =
x+ 0.9, +0_4¢, +0,0_F. Then to supersymmetrize the potential tr(gingT) we need to find the
corresponding real superpotential W. This step is straightforward for coset sigma models of the type (3.14)
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In the 2d theory (B.1) the bosonic and the fermionic potential terms renormalize
simultaneously, i.e. the g-functions of the corresponding couplings are related by a super-
symmetry Ward identity. As was shown in [59], the 2-loop correction to this S-function
vanishes in the dimensional reduction scheme similar to the one used here in section 4.4.1.
Thus in the (1,1) supersymmetric theory (B.1) and the reduced theory (4.7) both treated in
the dimensional reduction scheme there are no genuine 2-loop simple-pole UV divergences,
all of them being accompanied by a double-pole counterpart related to single-pole 1-loop
divergences as dictated by the renormalizability of the theory.

The model (4.7) based on G = G x G2 bosonic WZW model with a potential coupled
to fermions in bi-fundamental representations does not admit the standard version of (1,1)
2d supersymmetry: the standard supersymmetric extension of its bosonic part would be of
the form (B.2), i.e. having the same number of the fermionic degrees of freedom but trans-
forming in the adjoint representation of G. The corresponding G and G2 supersymmetric
models would be mutually non-interacting and the divergences in their potential terms will
not cancel, precluding finiteness.

The non-trivial property of the reduced model observed here is the cancellation of
the 1-loop divergences, which makes the theory (at least) 2-loop finite. Such finiteness
property is also characteristic of (2,2) supersymmetric models [59]. The existence of a
finite (2,2) supersymmetric extension of a bosonic WZW model (with a group G which is
a complex manifold) perturbed by a potential appears to be subtle and we are not aware

of its discussion in the literature.**
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